Rules for integrands of the form (e x)" (ax? + bx*)? (c +dx")?

1. j(ex)"‘(axj+bxk)p(c+dx")qdlx whenp¢z A j#k A f;LeZ A Eez A "'n;lez An?zl

1: Jxm (axj+bxk)p (c+dx")%dx whenp¢z A j#k A %eZ A Eez A "'n;lez Ant#l

Derivation: Integration by substitution

Basis: If % e Z,then x"F[x"] = iSubst[x$'1 FIX], X, X"] X"

Rule:if pez A j#+k A lez

=y

ez AN ™ 7 A n?+1,then
n

Jx’" (ax3 +bx¥)? (c+dx")Tax — lSubst[J - (axj/"+bx"/")p (c+dx)9dx, x, x"]
n

Program code:

Int[x_"m_.x(a_.*Xx_"j_+b_.*x_"k_.) p_* (c_+d_.*x_"n_)"q_.,x_Symbol] :=
1/n+Subst [Int[x" (Simplify[ (m+1) /n]-1)« (axx Simplify[j/n]+bxx"Simplify[k/n])~px (c+d*x)~q,x],x,x*n] /;
FreeQ[{a,b,c,d,j,k,m,n,p,q},x] & Not[IntegerQ[p]] && NeQ[k,j]| && IntegerQ[Simplify[j/n]] && IntegerQ[Simplify[k/n]] &&
IntegerQ[Simplify[ (m+1)/n]] & NeQ[n~2,1]



Rules for integrands of the form (e x)~"m (a x~\j+b x~k)"p (c+d x)"q

2: J(ex)'“(axj+bxk)p(c+dx")qdlx whenp¢z A j#k A -;‘;-ez A Eez A %GZ An?zl

Derivation: Piecewise constant extraction
Basis: 5, 1—>— =0

eIntPart [m] (e x) FracPart[m]

Basis: (x- -.

xFracPart[m]

~

Rule:lf pez Ajek Alezn ® ez n ™ ez nn?sl,then

n

=)

eIntPartml (g yy FracPartm]

J(ex)’" (axd +bx¥)? (c+dx")Tax — Jx'“ (ax3 +bx*)? (c+dx")7dx

XFr‘acPar‘t[m]

Program code:

Int[ (e_»x_)"m_.#(a_.*#x_"j_+b_.*x_"k_.) p_x(c_+d_.*x_"n_.)"q_.,x_Symbol] :=
e~IntPart[m] « (exx) “FracPart[m] /x*FracPart [m]+Int [x"m« (a*x"j+b*x"k)"px (c+d+x"n)~q,x] /;
FreeQ[{a,b,c,d,e,j,k,m,n,p,q},x] & Not[IntegerQ[p]] && NeQ[k,j] && Integer‘Q[Simplify[j/n]] & IntegerQ[Simplify[k/n]] &&
IntegerQ[Simplify[ (m+1)/n]] & NeQ[n~2,1]



Rules for integrands of the form (e x)~"m (a x~\j+b x~k)"p (c+d x)"q

2. j(ex)'“ (ax3 +bx3*")? (c+dx") dx whenp¢z A bc-ad#@

1: J(ex)m(axj+bxj*“)p (c+dx") dx whenp¢z Abc-ad#@ Aad(m+jp+1)-bc(m+n+p(j+n)+1)=0A (e>0V jez) Am+jp+1#80

Derivation: Trinomial recurrence 3b with ¢ = @ and ad (n+jp+1) -bc (men+p (j+n) +1) =

Rule: If
pezZ ANbc-ad+0@ Aad (m+jp+1)-bc(m+n+p (j+n)+1) =0 A (€>0V jeZ) Am+jp+1+0,
then

celt (ex)™I (axd 4+ bxIm)PHt

J(ex)'“ (ax3 +bxI™)P (c+dx") dx —
a(m-kjp-kl)

Program code:

Int[ (e_.*X_) M_.(a_.*X_"J_.+b_.#x_"jn_.) " p_ (c_+d_.*x_"n_.),x_Symbol] :=
c*eA(j—l)*(e*x)A(m—j+1)*(a*xAj+b*xA(j+n))A(p+1)/(a*(m+j*p+1)) /5

FreeQ[{a,b,c,d,e,j,m,n,p},x]| && EqQ[jn,j+n] & Not[IntegerQ[p]] && NeQ[bxc-axd,0] && EqQ[adx (m+jxp+1)-bxcx (m+n+px(j+n)+1),0] &&
(GtQre,@] || IntegersQ[j]) && NeQ[m+jxp+1,0]



Rules for integrands of the form (e x)~"m (a x~\j+b x~k)"p (c+d x)"q

2: J(ex)'“(axj+bxj”‘)p (c+dx") dx whenp¢z Abc-ad#@ Ap<-1A@<jsmA (>0 V jez)

Derivation: Trinomial recurrence 2b withc = @
Rule:lf peZ Abc-ad+@ Ap<-1A0<j=<mA (>0 V jeZ),then

f(ex)'" (ax3 +bx3"™)P (c+dx") dx —

_ej‘:l (bc-ad) (ex)mi (axj+bxj"")p+1 i el (ad(m+jp+1) -bc (m+n+p (j+n)+1)) J(ex)m'j (axj+bxj+")p+1d1x
abn (p+1) abn (p+1)

Program code:

Int[ (e_.*X_)™M_.(a_.*X_"J_.+b_.#x_~jn_.) p_x (c_+d_.#x_"n_.),x_Symbol] :=
-en (j—l) * (bxc-axd) » (e*x)"(m—j+1) * (a*x"j+b*x"(j+n) ) "(p+1)/(a*b*n* (p+1)) -
erjx (a*d* (m+j*p+1) -bxcx* (m+n+p* (j+n) +1) )/(a*b*n* (p+1) ) *Int [ (e*x)"(m—j) * (a*x"j+b*x"(j+n) ) A (p+1) ,x] /3
FreeQ[{a,b,c,d,e,j,m,n},x] & EqQ[jn,j+n] & Not[IntegerQ[p]] && NeQ[bxc-axd,0] && LtQ[p,-1] & GtQ[j,0] && LeQ[j,m] &&
(6tQ[e,@] || IntegerQ[j])



Rules for integrands of the form (e x)~"m (a x~\j+b x~k)"p (c+d x)"q

3: J(ex)'“(axj+bxj”‘)p (c+dx") dx whenp¢z A bc-ad#@ Am<-1An>0 A (e>0V (j|n)ez)

Derivation: Trinomial recurrence 3b withc = @

Rule:lf pe¢Z Abc-ad+@ Am<-1AN>0A (e>0V (j|n)ez),then
J(ex)'" (axj+bxj*")p (c+dx") dx —
cel? (ex)™* (axI +bxI*")P*"  ad (m+jp+1) -bc (m+n+p (j+n)+1

+ ) j(ex)'“*" (axj +bxj+")pd1x
a(m+jp+1) ae" (m+jp+1)

Program code:

Int[(e_.*X_) M_.(a_.*X_"J_.+b_.#x_"jn_.) " p_ (c_+d_.*x_"n_.),x_Symbol] :=
c*e"(j—l)*(e*x)"(m—j+1)*(a*x"j+b*x"(j+n))"(p+1)/(a* (m+j*p+1)) +
(axdx (m+j#p+1) -bxcx (men+px (j+n) +1) )/ (axe n« (m+jap+1) ) xInt [ (exx) A (m+n) » (axx j+bsx~ (j+n))p,x] /;
FreeQ[{a,b,c,d,e,j,p},x] & EqQ[jn,j+n] && Not[IntegerQ[p]] && NeQ[bxc-a+d,0] & GtQ[n,0] &&
(LtQ[m+j*p,-1] || IntegersQ[m-1/2,p-1/2] & LtQ[p,0] && LtQ[m,-nxp-1]) &&
(GtQre,@] || IntegersQ[j,n]) && NeQ[m+jxp+1,0] && NeQ[m-n+jxp+1,0]



Rules for integrands of the form (e x)~"m (a x~\j+b x~k)"p (c+d x)"q

4: J(ex)'“(axj+bxj”‘)p (c+dx") dx whenp¢z Abc-ad#@ Am+n+p (j+n)+1£0 A (e>0 V jez)

Derivation: Trinomial recurrence 2b with ¢ = @ composed with binomial recurrence 1b

Rule:lif pgz Abc-ad+@ Am+n+p (j+n) +1+0 A (e>0V jez),then
f(ex)'" (axj+bxj"")p (c+dx") dx —
dej'l(ex)“"j*l(axj+bxj"“)p+1 ad(m+jp+1)-bc (m+n+p (j+n)

1
- *1) J.(ex)m(axj+bxj+")pdx
b (m +N+p (j + n) + 1) b (m +N+p (j + n) + 1)

Program code:

Int[(e_.*X_) M_.(a_.*X_"J_.+b_.#x_"jn_.) " p_ (c_+d_.*x_"n_.),x_Symbol] :=
d*eA(j—l)*(e*x)A(m—j+1)*(a*xAj+b*xA(j+n))A(p+1)/(b*(m+n+p*(j+n)+1)) -
(axdx (m+j#p+1) -bxcx (men+px (j+n)+1) )/ (bx (men+ps (j+n) +1) ) +Int[ (exx) *ms (axx"j+bxx” (j+n) ) p,x] /;

FreeQ[{a,b,c,d,e,j,m,n,p},x]| && EqQ[jn,j+n] & Not[IntegerQ[p]] && NeQ[bxc-axd,0] && NeQ[m+n+px(j+n)+1,0] && (GtQ[e,0] || IntegerQ[j])



Rules for integrands of the form (e x)~"m (a x~\j+b x~k)"p (c+d x)"q

3. J(ex)"‘(axj+bxk)p(c+dx")qdlx whenp¢z A j#k A f;LeZ A Eez A m"TleZ

k
n

1: Jxm (axj+bxk)p (c+dx")%dx whenp¢z A j#k A i—ez ASezZ A mi‘—lez

Derivation: Integration by substitution
Basis: If mT—l e Z,then x"F[x"] = t Subst[F[anT], X, x™1] g, xm

. : i k _n_
Rule:if pez ANjsk ALezn ~ezn ez

Jx"‘ (ax3 +bx*)? (c+dx")Tdx — Subst[j(a Xor + bx%)p (c + dxmi‘_l)q dx, X, x""'l]

m+1

Program code:

Int [x_"m_.x(a_.*x_"j_+b_.*x_"k_.) p_* (c_+d_.*x_"n_.)"q_.,x_Symbol] :=
1/ (m+1) #Subst [Int [ (axx Simplify[j/ (m+1) | +bxx"Simplify[k/ (m+1)])~p* (c+d+x"Simplify[n/ (m+1)])~q,x],x,x*(m+1)] /;
FreeQ[{a,b,c,d,j,k,m,n,p,q},x] && Not[IntegerQ[p]] & NeQ[k,j]| && IntegerQ[Simplify[j/n]] && IntegerQ[Simplify[k/n]] &&
NeQ[m,-1] & IntegerQ[Simplify[n/(m+1)]] && Not[IntegerQ[n]]



Rules for integrands of the form (e x)~"m (a x~\j+b x~k)"p (c+d x)"q

2: J(ex)'“ (ax? +bx¥)? (c+dx")Tdx whenp¢z A j#k A -;‘;-ez A Eez A ﬁez

Derivation: Piecewise constant extraction
Basis: 5, 1—>— =0

eIntPar‘t[m] (e x) FracPart[m]

Basis: (x- -.

xFracPart[m]

Rule:lf pez Ajsk Alezn®ezn ez, then

eIntPartml (g yFracPart(m]

J(ex)’" (axd +bx¥)? (c+dx")Tax — Jx'“ (ax? +bx*)? (c+dx")Tax

XFr‘acPar‘t [m]

Program code:
Int[ (e_»x_)"m_.#(a_.*#x_"j_+b_.*x_"k_.) p_x(c_+d_.*x_"n_.)"q_.,x_Symbol] :=
e~IntPart[m] « (exx) “FracPart[m] /x*FracPart [m]+Int [x"m« (a*x"j+b*x"k)"px (c+d+x"n)~q,x] /;

FreeQ[{a,b,c,d,e,j,k,m,n,p,q},x] & Not[IntegerQ[p]] && NeQ[k,j] && Integer‘Q[Simplify[j/n]] & IntegerQ[Simplify[k/n]] &&
NeQ[m,-1] & IntegerQ[Simplify[n/(m+1)]]| && Not[IntegerQ[n]]

4: j(ex)“‘ (ax3 +bx3*")? (c+dx")%dx whenp¢z A bc-ad#0

Derivation: Piecewise constant extraction

Basis: 0y (202X TT g
TUX xmdP (arbxm P T
. . (e X) m . eIntPar-t [m] (e X) FracPart[m]
BaSIS' XM - xFracPart[m]
: ' . ..\ FracPart
Basi (ax3+bx3*”)p (axI+bx3M) racrartip]
asls: xip (a+b x")P "7 xJFracPart[p] (a+b Xn>Fr‘acPar‘tLPJ

Rule:lf p¢Z A bc-ad + 0,then



Rules for integrands of the form (e x)~"m (a x~\j+b x~k)"p (c+d x)"q

(ex)" (axd +bxi")P

j(ex)'“ (axj +bxj"")'J (c+dx")Tdx — jx’"*jp (a+bx")? (c+dx")9dx

x™+3p (a+bx")P
eIn1:Pa|~t[m] (e X) FracPart[m] (a Xj +b Xj+n) FracPart[p]

- x™IP (a+bx")P (c+dx")?dx
xFracpart[m] +j FracPart[p] (a +b Xn) FracPart[p]

Program code:

Int[(e_.*Xx_) M_.(a_.*X_"J_.+b_.#x_"jn_.) " p_ (c_+d_.*x_"n_.)"q_.,x_Symbol]| :=
e~IntPart[m] « (exx) "FracPart[m] « (axx*j+b»x~ (j+n))~FracPart[p]/
(x~ (FracPart[m] +j*FracPart[p]) = (a+bxx"n) ~FracPart[p])
Int[x”(m+J*p) » (a+bxx"n) ~px (c+d*x”n)~q,x]| /;
FreeQ[{a,b,c,d,e,j,m,n,p,q},x]| & EqQ[jn,j+n] && Not[IntegerQ[p]] & NeQ[bxc-asd,0] && Not[EqQ[n,1] && EqQ[j,1]]



